We prove that a system of N fermions interacting with an additional particle via point interactions is stable if the ratio of the mass of the additional particle to the one of the fermions is larger than some critical m * . The value of m * is independent of N and turns out to be less than 1. This fact has important implications for the stability of the unitary Fermi gas model.
Introduction
For N ≥ 2, we consider a system of N (spinless) fermions of mass 1, interacting with another particle of mass m via point interactions. The latter are characterized by a parameter α ∈ R, where −1/α is proportional to the scattering length of the pair interaction [1] . Purely formally, the Hamiltonian of the system can be thought of as
where x i ∈ R 3 , and γ represents an infinitesimal coupling constant. Models of this kind have been studied extensively in the literature (see, e.g., [3-16, 18, 20] ) and can be defined via a suitable regularization procedure. Due to translation invariance, it is convenient to separate the centerof-mass motion and to introduce relative coordinates X = mx 0 + 
δ(y i ) (1.2) forγ = 2mγ/(m + 1). The latter operator acts on purely anti-symmetric functions of N variables only.
The formal expression (1.2) can be given a meaning in terms of a suitable quadratic form [4, 7, 10] , which will be introduced in the next section. However, only in case the quadratic form is stable, i.e., bounded from below, does it give rise to a unique self-adjoint operator and hence gives a precise meaning to (1.2) . We are interested in this question of stability. We shall show that there exists a critical mass m * , independent of N, such that stability holds for m > m * . The value of m * is determined by a two dimensional optimization problem of a certain analytic function. A numerical evaluation of the expression yields m * ≈ 0.36.
In particular, the system under consideration is stable for m = 1. This latter case is of particular importance, in view of constructing a model of a gas of spin 1/2 fermions in the unitary limit. For N + 1 such fermions, our result can be interpreted as proving the existence of such a model in the sector of total spin (N − 1)/2, i.e., 1 less than the maximal value. Of course stability holds trivially in the sector of total spin (N + 1)/2, since the particles do not interact in this case due to the total antisymmetry of the spatial part of the wave functions. We note that stability in other spin sectors is still an open problem, whose solution would be of great interest in view of the relevance of the model for cold atomic gases (see [22] and references there). For its solution, it is necessary to understand the problem of stability for general systems of N + M particles mutually interacting via point interactions. In the case N = M = 2 (and m = 1), a numerical analysis [12] suggests stability.
Model and main result
The model under consideration here is defined via a quadratic form F α as follows. For µ > 0, let
The quadratic form F α has the domain
where Gξ is short for the function with Fourier transform
and the subscript "as" indicates functions that are antisymmetric under permutations. For u ∈ D(F α ), we have
where
We introduced k (k 1 , . . . , k N−2 ) for short, and the function L is given by
One readily checks that both D(F α ) and F α (u) are actually independent of µ for µ > 0, even though T diag (ξ) and T off (ξ) depend on µ.
The quadratic form F α can be obtained as limit of a suitably regularized version of (1.2), see [7] and [4, Appendix A]. The parameter α is a real number and corresponds to (the negative of the inverse of) the scattering length of the pair interaction.
To state our main result, we define, for any m > 0,
where A := (2 + m) −1 . A somewhat simpler, equivalent expression for Λ(m), involving only the supremum over two positive parameters, will be given in Section 5. We shall show in Section 4 that Λ(m) is finite, and satisfies the upper bound
as (R 3(N−1) ), µ > 0 and N ≥ 2,
In particular, if m is such that Λ(m) < 1, then
We note that (2.10) follows immediately from (2.9) in combination with the simple estimate
It is also not difficult to see that for Λ(m) < 1, F a is closed (compare with [4, Thm. 2.1]), and thus gives rise to a unique self-adjoint operator.
The lower bound (2.10) is sharp as m → ∞. For α < 0, −(α/2π
2 ) 2 equals the binding energy of the two-particle problem with point interactions. As m → ∞, only one of the fermions can be bound, hence the ground state energy becomes independent of N in that limit.
We emphasize that in contrast to the previous work [4, 6] we prove a bound on the critical mass that is independent of N and, in particular, does not grow as N gets large.
We shall prove Theorem 1 in Section 3 below. The right side of (2.8) turns out to be less than 1 for m ≥ 2.2, and hence stability holds in that region. For m = 1, it equals 28/9, however, and is larger than 1 as a result of the rather crude bounds leading to (2.8).
In Section 5 we shall numerically evaluate Λ(m) and show that it satisfies Λ(1) < 1. In fact, from the numerics we shall see that Λ(m) < 1 if m ≥ 0.36. Recall that F α (u) is known to be unbounded from below [4, Thm. 2.2] for any N ≥ 2 for m ≤ 0.0735. In particular, the critical mass for stability satisfies 0.0735 < m * < 0.36.
Proof of Theorem 1
For fixed k ∈ R 3(N−2) , define an operator τ on L 2 (R 3 ) via the quadratic form
where L and G are defined in (2.6) and (2.1), respectively. Let K := N−2 i=1 k i , and recall that A = 1/(m + 2). The following observation is key to our further investigation. Lemma 1. The operator τ defined in (3.1) is bounded. Its positive and negative parts, τ ± , are the operators with integral kernels
, and define λ := 2/(m + 1). A simple calculation shows that
Similarly,
In particular, after a unitary translation by AK, the operator τ becomes the operator σ with integral kernel
Boundedness of σ was already shown in [4, 7] . For a simple proof, note that the CauchySchwarz inequality implies that
for any positive function h. Choosing h(t) = |t| β for 1/2 < β < 5/2 one easily checks that the right side of (3.7) is finite (and, in fact, independent of C).
. The operators R And σ clearly commute. Moreover, the product σR is easily seen to be positive definite, by writing 8) noting that 0 < λ < 2 and that the Gaussian has a positive Fourier transform. Hence the positive and negative parts of σ are given by 9) respectively. Undoing the unitary translation by AK, this leads to the statement of the lemma.
, and
where we simply dropped the positive part of the operator τ appearing on the right side. To proceed, we use the fact that ϕ is antisymmetric. We introducẽ
for ∈ R 3(N−2) , and rewrite the term on the right side of (3.10) as
To bound this last expression, we use the Schwarz inequality, as in (3.7), to obtain
for any positive function h. Assume that h is symmetric with respect to permutations. Inserting the special structure (3.11), the expression on the right side of (3.13) then equals
We shall choose h(s, k) = s 2 N−2 j=1 k 2 j in (3.14). The resulting bound is then
where we again use the notation
, as in the proof of Lemma 1. Since s 2 + Q 2 is symmetric under exchange of s and k i , for any 1 ≤ i ≤ N − 2, we can drop the maximum over i when taking the supremum over s and k, and simply take i = 0 (or any other value of i, in fact). We thus arrive at
To complete the proof, we need to show that the term multiplying ϕ
the right side of (3.16) is bounded by Λ(m). Recall the explicit expression of τ − (s, t; k), given in (3.2) above. We have
For an upper bound, we can replace µ by 0. Moreover, we can replace the supremum over k ∈ R 3(N−2) by a supremum over all Q > 0 and K ∈ R 3 . This yields (2.9), and completes the proof of Theorem 1.
Remark 1.
It is worth pointing out that the antisymmetry of the wave functions enters our proof of stability in three different ways. The first two concern the very definition of the model. First, there are no point interactions among the N particles of mass 1 themselves, due to the antisymmetry which forces the wave functions to vanish at particle coincidences. Second, the term T off in the definition (2.4) of the quadratic form F α enters with a plus sign, while it would have a minus sign for bosons. This fact is crucial, as it allows to work with the negative part of the operator τ in (3.1) instead of the positive part, which is larger. And third, we use the symmetry to replace the factor (N − 1) by a sum over particles in (3.12) . This last step would also work for bosons, only the symmetry of the absolute value of the wave functions is important. For the first two points, however, the antisymmetry is crucial. In the bosonic case, there is instability for any N ≥ 2 and any 0 < m < ∞ [2, 17, 21] (a fact known as the Thomas effect [19] ). While T off can be bounded from below by T diag , as Theorem 1 shows, it is in fact known that T off (ξ) ≤ T diag (ξ) is false for suitably ξ for any m [4] .)
An upper bound on Λ(m)
In this section we shall prove the upper bound (2.8) on Λ(m). Recall the expression (3.17) for the kernel τ − (s, t; k). By dropping various positive terms, and using the Cauchy-Schwarz inequality, it is not difficult to see that
In particular, since 2 + 4m + m 2 > (2 + m)(1 + m), we obtain (2.8) after taking the supremum over s and Q in (3.16).
Numerical evaluation of Λ(m)
Recall the definition of Λ(m) in (2.7). In order to obtain a numerical value for Λ(m), it is convenient to simplify this expression a bit. As a first step, we claim that, given s, the supremum over K in (2.7) is attained at some K of the form K = −bs for 0 ≤ b ≤ 1/A = 2 + m. To see this, we substitutes = s + AK,t = t + AK, and rewrite (2.7) as
Since the term on the last line is invariant under the reflectiont → −t, the integral above is equal to
When optimizing over the orientation ofs and K, the very first factor after the supremum in (5.1) is clearly largest ifs and K are antiparallel. That the same is true for the integral (5.2) is the content of the following Lemma, whose proof is an easy exercise.
Lemma 2. Let f and g be non-negative even functions on
is largest if a and b are either parallel or antiparallel.
Proof. We can represent the functions f and g by their level sets, and write
The level sets of both f and g are the union of two balls, centered at ±a and ±b, respectively. If ±a is parallel to b, the integral over S 2 in (5.4) (for fixed x and y) is clearly largest, since one of the characteristic functions simply equals 1 on the support of the other. This completes the proof.
The angular part of the integral in (5.2) is exactly of the form (5.3). We thus conclude that we can restrict the supremum in (5.1) to the set where K = −κs for some κ ≥ 0 or, equivalently,
To evaluate Λ(m), we thus have to find the supremum overs ∈ R 3 , κ ≥ 0 and Q ≥ 0 of
After carrying out the angle integration, this becomes (Q 2 + Aκ 2s2 )) 2 (5.7)
By the overall scale invariance, we can sets 2 = 1, and hence we are left with two parameters to optimize over, Q ≥ 0 and κ ≥ 0 or, equivalently, 0 ≤ b ≤ 1/A = 2 + m. It is not difficult to see that (5.6) tends to zero as Q → ∞ (uniformly in b) and thus the optimization is effectively over a compact set. The result of a numerical integration of (5.6) in the case m = 1 is shown in Figure 1 . The supremum is attained at Q = 0 and b ≈ 0.82, and equals Λ(1) ≈ 0.34. In particular, it is less than 1. Moreover, the numerical evaluation yields Λ(m) < 1 for all m ≥ 0.36, i.e., the critical mass for stability is less than 0.36, as shown in Figure 2 . 
